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Abstract 

We derive an infinite sequence of Schwinger-Dyson equations for 
N = 1 supersymmetric Yang-Mills theory. The fundamental and the 
only variable employed is the Wilson-loop geometrically represented 
in N = 1 superspace: it organizes an infinite number of supersym- 
metrizing insertions into the ordinary Wilson-loop as a single entity. 
In the large N c limit, our equation becomes a closed loop equation for 
the one-point function of the Wilson-loop average. 



1 This work is supported in part by Grant-in-Aid for Scientific Research (07640403) 
from the Ministry of Education, Science and Culture, Japan. 



A number of recent developments on nonperturbative phenomena associ- 
ated with supersymmetric gauge theories suggest that old questions such as 
quark confinement, monopole condensation and dynamical symmetry break- 
ing can be understood better when supersymmetry is operating. In years to 
come, these developments may even be extended to physics of superstrings 
to which nonperturbative formulation is still largely lacking. 

Schwinger-Dyson approach is a formulation which has been successful in 
deriving exact results in matrix models describing toy models of noncritical 
strings. It has supplied some valuable results in more realistic theories with 
manageable approximations. Clearly the most transparent formulation of the 
Schwinger-Dyson equations in gauge theories is given in terms of the gauge 
invariant Wilson-loop variable. It is well-known that one can write down the 
infinite sequence of equations using the geometric operations alone acting on 
the loop in pure Yang-Mills theory. In the large N c limit, it reduces to a 
closed loop equation for the one-point function of the Wilson-loop average 
[H]. In this letter, we will provide its N = 1 supersymmetric counterpart.^ 

Despite its obvious interest and relevance to the motivations decades ago 
and some current issues, this problem we will address ourselves below has 
neither been thoroughly investigated nor completed in the literature. See 
||, for earlier references. The fundamental variable we will employ is the 
gauge invariant Wilson-loop which is defined in terms of the path-ordered 
exponential in N = 1 superspace 

Let us briefly recall the case of ordinary Yang-Mills theory: £ym = 

4kg 2 ^"in" ? ^9^mn = P^n\ i = & m -\- i(jV m , V m = vj^T , 

trT r T s = k5 rs . We take the gauge group to be U(N C ) for simplicity. We 
denote by C xy a path which begins with x and ends at y. Let W[C] =<< 
■M-trUc » with Uc = P exp(—ig § c dz m v m (z)) be the one-point function 
of the Wilson-loop average associated with any closed loop C in Minkowski 
space. A fundamental role is played by the area derivative acting on the 
Wilson-loop, which produces the field strength. The subsequent action of 
the ordinary derivative supplies the equation of motion of Yang-Mills theory: 



2 Matter supermultiplets can be added to produce another term in the Schwinger-Dyson 
equations. 




(1) 
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We remind the readers that the area derivative acting on a functional f[C yz ] 
can be defined through an increment associated with an addition of an in- 
finitesimal area element at the point x m = x m (s,t) on the path C yz : 



Af[C yz ] = f[C yz + 5CW]-f[C yz + 6CP] 

_ df[C yz ) 1 fdx m dx e dx m dx l 



AsAt 



dZ mi (x) 2\ ds dt dt ds / 

(AS) m '(x;As,At) . (2) 



df[Cy Z \ , , m < 



dZ mE {x) 

Here SC® is a path consisting of two straight lines connecting x m (s,t) with 
x m (s + As,t) and x m (s + As,t) with x m (s + As,t + At). Similarly, 8C^ 
is obtained by replacing x m (s + As, t) by x m (s,t + At) in the above. This 
definition can be extended to superspace in a straightforward fashion. 
The right hand side of eq. ([]]) can of course be written as 

Upon partial integration followed by the use of the completeness relation, 
eq. (0) produces an equation for the one- and two-loop correlators, which is 
the first among the infinite sequence of the Schwinger- Dyson equations: 

d d „ Tr „ n .of, k 



dx f <9£ 



mil 



W[C] = ig 2 f c dz m « £ (trU c J5^(x - z) {txU c J » . (4) 



Obviously one can generate the rest of the equations in the same way. We 
find 

«\w) U trU cu » 



dx e d^(x) \N cJ r=1 



k " n+l 



ig 2 N c pe(xeC U) ) f cU) dz m « ( II trf/ cw) (trU cU) 



6 (4 \x - z) (tr U c w) II trU cW » • (5) 



.i=l 



Here Q(x G C) is 1 when x belongs to the loop C and otherwise. In the 
large N c limit with A c = g 2 N c kept finite, eq. (H) reduces to the closed loop 
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equation for W[C] albeit being highly singular 

8 d 



dx f dH m Hx 



-W[C] = t\ c £dz m W[C zx }5^{x-z)W[C xz ] . (6) 



We find that the above reasoning has a straightforward generalization to 
N = 1 supersymmetric Yang-Mills theory in its geometric formulation on 
N — 1 superspace.Q We use the same symbols for the objects appearing 
above and their superspace counterparts. We closely follow the notation of 
[0]. The action for the supersymmetric Yang-Mills theory reads 

Ssym = J d A x^tr(-2i\a a D a \ + D 2 - l -v ab v ab ) . (7) 

This time, let the supersymmetric Wilson-loop associated with a closed loop 
C in superspace 0,11, fj be 

W[C] =« ^trU c » 

with U c = Pexp(£ 0) , (8) 

where <\> = dz M <pM{z) = dz M 0^ (z)iT r is the connection one-form which 
is Lie algebra valued.Q A solution to the proper set of constraints of flat 
connections on superspace together with the constraints imposed by a set 
of Bianchi identities provides an expression in terms of the real superfield 
V(x, 6,6) ( see for instance 

(-2)^ = -iW p <r m , (9) 
K = -e- v D Q e v , ^ = , <p a = ja™D & e- v D a e v , (10) 

W a = ~D 2 e- y D a e v . (11) 

In calculation we employ the y coordinate ( y a = x a + i6a a 9) [0], in terms of 
which 

<f>(y, 6, 6) = dy a <f) a (y, 0, 6) - 2td6a a 6<p a (y, 0, 0) + d6 a <p a (y, 0, 0) ■ (12) 



3 The above derivation can, of course, be presented as = j[Dv m ]tr (T r 

j-jpj — (Uce lSYM )^j . This, however, does not lead to a fruitful superspace generalization. 

4 A rescaling by factor 2g in the gauge potentials from the non-supersymmetric case is 
understood and (f>M is antihermitean. 
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Area derivative in superspace can be constructed in an entirely analogous 
way as in Minkowski space. For any functional f[C yz ] on superspace, the 
area derivative d/dT l ML (x) can be defined in any direction including the 
grassmannian ones by considering 



Af[C yz ] ee f[C yz + 5C^]-f[C yz + 5C^} 

df[C yz ] l(dx M dx L dx M dx L " 



AsAt . (13) 



We find 



where 



dZ ML (x)2 \ ds dt dt ds 



VW = DW-<f>W + W<j> = D a W a - {<f) a ,W a } (15) 
dJJ 

^f^y = F AB (y)Uc yy ■ (16) 

Here A, B are flat indices in superspace. 

In order to convert a^e l3a D a g^'W[C] into another expression, we com- 
pute VW in the W-Z gauge. For that purpose, we first find the expression 
of (p a and that of (p a in the W-Z gauge: 

£0 = £a a 9v a - 2i£99X + i99£X - £966 D + i99£a ab 9v ah - 9999£a a D a X, (17) 
2i(j) a = v a - iXa a 9 + i9a a X - 9a a 9D + i9a a a bc 9v bc - 999a a a b D b X . (18) 

These are again in the y coordinate. After some amounts of algebras, we find 

-VW = 2D + 29a a D a X-29a a D a X + 29a h 9(D a v ab - -a^ p {Xp,Xp}) 

- 2i9a a 9D a D + 2i999a b a a D b D a X + 2i99[D,9X] , (19) 

where D a • ■ • = [d a + |t> a , • • •]. As VW = summarizes equations of motion 
for v m , A, A, D, it should be that VW is written as a particular variation of 
Ssym as well. We find 

VW = 8g 2 {^-^- + iT^Jj-, - iT-9«-^— - T r 9a a 9- 6 



SD(r) ' ^^(r) S\°W 5Va r) 

+ i 9a a 9D a T r J ^ - 99(9a b rD b T r j^ + i99 [T r j^, OX] } Ssv^O) 
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We denote this expression by Sg 2 SSsYM/SV mo d{y,9,9). 
From eq. (|14|) and eq. (p0|), we obtain 



<9 

a I3ajja W[C1 



[Vv m ] [V\] [PA] [PD] ± tr -±-— s -Uc 
N c dV mod (y', 9, 9) 

= 16g 2 «^tr (,nn, Uc» ■ (21) 
-/Vc dV mod {y',9,9) 

We have now replaced y by y' and saved y for the integration variable. To 
evaluate the right hand side, we compute (again in the y coordinate) 

/ " * ' MVM))*' • (22) 



\sVm d(y',e,9) t 

The calculation is long and space permits us to present the final result only: 
/ 5 ^ j 



\sv mod (y , ,e,e) > 

= (T r ) { i | (-'-dy^ - 9)a a (fj - 9) - ~5( V - 9)dy a 9a b a a fjV b (23) 
+fjf}dr](r) -9)+ i5{rj - 9)fjfjdr]a a 9V a ) T r 5 {A \y - y')} 1 
+ (T r ) i 3 l -6( V - 9)mdy a ([9a a W, T r ]) ^ 5^(y - y') 



+ {^dy a r](j a fi99 + i99fjfjdrjr^ { ([T r , 9\\). 3 (T 
-(T r )^({9X,T r ]) k l }5^(y-y') . 



Here V a ■ ■ ■ = [d a — <p a , • • •]• We have repeatedly used 

^(u a - ^77) = -(1 + rfA^a (24) 

to convert the expression into the one containing the covariant derivative 
with respect to 4> a alone. 
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Using eq. ( |23| ) and the completeness relation, we are able to complete 
the right hand side of eq. (pip . The last line of eq. (|23|) disappears after the 
completeness relation is used and the covariant derivative V a and f (W-V^q, 
are replaced respectively by the ordinary derivative d a and the area derivative 
d/dY> aa . These are nontrivial properties revealed by our calculation. All in 
all, we find 

a I3ajja ^ W\C] 



16/ 



+ 


r]i]dr](i] 




k 2 


X 






<K N C 


+ 


16g 2 i 
8 f 




k 2 


X 






K< N C 



dy a (~(V - 0)a a (fj - 6) - ±8(t, - 9)9a b a a f}di y) 
-9)+ i8(ri - e)fjf}dr}a a 6dW 

(trU Cyy )5^\y-y>) (trU Cyly ) » 
dy a {a b ajj 5(rj - 6)fjfj 

K)(^)^ 4) (i/-i'')K)» > 

8^(y-y')(trU Cy/y )» (25) 

where A B = A (q^B^J — (g^&AJ B. It is remarkable that the right- 
hand side of this equation does not have any field dependence other than the 
Wilson-loop variable in superspace. Again we can immediately write down 
the rest of the Schwinger- Dyson equations: 



d ( k" i: 



a Ba D a « — TT trU cW » 



X 



WN c J2e( y 'ec^)<f d y A « A n trU c 

j=l JC \ iVc / \i=i+l 

(tr U cU) ) d A 6&(y - y') (trU cU) ) [H trU c(i) ) » . (26) 

V yy' '/ V y'y' \ j=i / 
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When a matter chiral multiplet is present, we should add to the right hand 
side a term 



x 



16g*±Q(y e C«) « (±J ( fijrU^ 
trJ(y',6,6)U c u^ f J] trU eH) I » 



(27) 



Here J(y',9,9) = i5S mat ter/SV mod (y',9,9) and Setter is /<i 4 a; $te v <I> for 
fundamental matter and / d 4 x tr&e v $>e~ v for adjoint matter. 

In the large N c limit (this time A c = 4g 2 N c ), eq. (E5|) becomes a closed 
loop equation for W[C]: 



4A„ afi 



d 



a a 



W[C] 



= j [dy a (~fo ~ dWiv - 9) - ~% - 9)9a b o ar] dl y) ) 

+ f]f]dr](7] -9)+ i8(rj - 9)fjfjdr ] a a 9d { y ) ] W[C yy ,}5 {4) (y - y')W[C y ' y ] 

+ y dy a (a b ajy 8( V - 9)mW[C V y>] L^J *«(v - y')W[C y , y 



(28) 



Eqs. (p5|)-(pq) are the results from our discussion. 

Just as in the non-supersymmetric case, there remain a number of ques- 



tions on how one can manage to extract physics results from eqs. (pq), (|28Q . 
These may involve the problem of renormalizations and more constructive 
formulations for instance. Originally we were partially motivated by the re- 
cent developments associated with the exact evaluation of the light effective 
action beginning with || and the surprising connection to integrable sys- 
tems of particles |T0 |. A connection of the results presented in this paper 
with these is still remote but certainly we are now urged to strive for further 
developments. 

We thank Hikaru Kawai for a helpful comment on our approach. 
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